If T is a bounded linear mapping (briefly, operator) in a Hilbert space 3C, the numerical range of T is the set WiT) = {(Tx, x): |[x|| = l}; thus WiT) is convex [8, p. 131] , and its closure clfW^r)] is compact and convex. Roughly speaking, in this note we observe that cl[TF(T)] can be uniquely defined for an element T of an abstract C*-algebra, while WiT) cannot. The C*-algebra setting yields an extension of the spectral convexity theorem [8, p. 327 ] to nonnormal operators (Corollary 1 of Theorem 3), as well as a reformulation of a theorem of C. Berger (Corollary 2 of Theorem 3).
1. An algebraic characterization of the closure of the numerical range. Let T be an operator in a Hilbert space 3C. Our objective in this section is to describe cl[lF(r)] in algebraic terms; since cl[l'F(T')]
is the intersection of all closed half planes H containing it, it is sufficient to describe those H that contain WiT) (see Theorem 1). We write Re X for the real part of a complex number X; analogously we define Re T = HT* + T).
Lemma 1. ReT^Oif and only if iT-aI)*iT-aI)^a2I for alia <0.
Proof. For any real number a, (r -al)*(T -al) -a2I = T*T -a(T* + T).
If the left side of this equation is SiO for all a <0, then for all a <0 we have aiT* + T)^T*T, T* + T^iT*T)/a, and T* + T^0 results on letting a-->-oo ; thus Re 7/3:0. If, conversely, Re T^O, then for any a<0we have T*-\-T^0^ iT*T)/a, and the steps of the above argument may be reversed. 
= dist(X, 77). Thus the general case follows on applying the special case H = Ho to the operator 5.
Writing o(T) for the spectrum of T, we may reformulate Theorem 1 in terms of resolvents:
Corollary.
Let H be a closed half plane of the complex plane. Then
W(T) EH if and only if (i)a(T)EH,and
(ii) || (7-X7)-1|| g l/dist(X, 77) for all X not in 77.
Proof. If W(T) EH, then a(T) Ccl [W(T) ] EH (cf. [2, Lemma 1 ]),
and so (i) holds. On the other hand if X is not in a(T) or in 77, the inequality in (ii) is equivalent to dist(X, 77)||(r -XT)"1?!! g|H| for all vectors y, that is, dist(X, TT)||x|| g ||(7*-X7)x|| for all vectors x, that is,
The corollary now follows at once from Theorem 1.
2. C*-algebras. Let A be a C*-algebra with unity 1 [4, p. 6] . By the Gel'fand-Naimark theorem there exists a faithful *-representation a-*Ta of A as operators on a suitable Hilbert space, with 7X = 7 [4, p. 39; 6, p. 244]. If aEA, we define the closed numerical range of a, denoted IF (a), to be the set cl[lF(ra)]; the definition is justified by the following theorem:
Theorem 2. Let A be a C*-algebra with unity, and suppose we are given faithful ^representations a->Ta and a-+Sa, as operators on Hilbert spaces 3C and X., respectively, such that Ti = I and Si = I. Since a closed convex set is the intersection of the closed half planes that contain it, the theorem is proved. Let us write 2 for the set of all normalized states of A, that is, the set of all linear forms/on A such that/(l) = 1 and/(a*a) 5:0 for all a in A; then 2 is a convex subset of the dual space of A, and is compact in the weak* topology (cf. Then a>(a") g(co(a))" for all positive integers n.
Proof. If T is any operator, write w(T) =sup{ |X| :\EWiT)}. By a theorem of C. Berger [3] , co(7'n) g (co(r))" for all n, and the corollary follows at once from Theorem 3. In particular, if a is in the polar set of 2 (that is, if «(a) g 1), then so is a"; Berger's result is thus seen to be equivalent to the assertion that the polar set of S is closed under the formation of powers. 
